A natural time-dependent generalization is given for the well-known pair distribution function g(r) of systems of interacting particles. The pair distribution in space and time thus defined, denoted by G(r, t), gives rise to a very simple and entirely general expression for the angular and energy distribution of Born approximation scattering by the system. This expression is the natural extension of the familiar ZernikePrins formula to scattering in which the energy transfers are not negligible compared to the energy of the scattered particle. It is therefore of particular interest for scattering of slow neutrons by general systems of interacting particles: G is then the proper function in terms of which to analyze the scattering data.
I. INTRODUCTION
" 'N two special cases, the 6rst Born approximation for -the scattering of x-rays or particles by a system S of interacting particles is known to express the differential cross section in terms of simple density distribution functions for the particles of S.
(i) If S is in a pure quantum state and if this state does not change in the scattering process, the latter is elastic and the differential cross section is expressible in terms of the density distribution p(r) for one particle of the system (supposed for simplicity to be composed of identical particles). This applies for example to the elastic scattering of x-rays or electrons by the electrons of an atom'' (ii) If the energy transfers occurring in the scattering process are negligible compared to the energy of the scattered photon or particle, the momentum transfer is essentially unique for each scattering angle and the differential cross section per unit angle is expressible in terms of the pair distribution function g(r) of 8, which describes the average density distribution as seen from a particle of the system. This is the so-called static approximation which applies, for example, to the sum of elastic and inelastic scatteririg of x-rays and electrons by the electrons of an atom, '4 as well as to that part of the scattering of x-rays by solids, liquids, and gases which leaves the atomic quantum states unchanged. ' '
The purpose of the present paper is to show that in Born approximation the scattering cross section is always expressible in terms of a suitably generalized pair distribution function G(r, t) depending on a space vector r and a time interval t, and to study this function ' I. Wailer, Z. Physik 51, 213 (1928) . ' P. M. Morse, Physik. Z. 33, 443 (1932) .
'I. Wailer, dissertation, Uppsala, 1925 (unpublished) . 6 F.Zernike and J.Prins, Z. Physik 41, 184 (1927) ;P. Debye and H. Memke, Ergeb. Tech. Rontgenk. II (1931) .
in some detail for a number of systems. For scattering theory this would be of rather academic interest in connection with x-ray scattering, for which the conditions of case (ii) above are usually well fulfilled. The same hoMs for electrons, for which, however, the Born approximation is of much more limited applicability than for x-rays, For slow neutrons, on the contrary, (wavelength &1A) now used in a rapidly growing variety of scattering experiments,~the energy transfers are usually comparable to or larger than the incident energy, whereas the first Born approximation holds quite well provided the neutron-nucleus interaction is described by means of the Fermi pseudopotential. The need has thus arisen for an improvement of the static approximation for scattering by general systems, and correction terms valid at relatively high neutron energies have been calculated by Placzek and by Kick. ' We present here a general solution to this problem, applicable at all neutron energies, by describing the Born approximation scattering in terms of the time-dependent pair-distribution function G.
Furthermore, the fact that 6 has often, even for complicated systems, a number of qualitative properties which are easy to visualize, makes it in many cases a practical tool for the discussion of scattering experiments. Its use for the analysis and interpretation of experimental data has been illustrated elsewhere on the case of slow neutron scattering by ferromagnetic crystals. 9 The generalized pair-distribution function G(r, t), to which neutron scattering gives direct experimental access, turns out to be a very natural extension of the conventional g(r) function Rev. 86, 377 (1952) ; G. C. Wick, Phys. Rev. 94, 1228 (1954) .
' L. Van Hove, Phys. Rev. 93, 268 (1954) .
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LRON VAN HOVE meaning is particularly simple in the absence of quantum effects: G(r, t) is then, for the system under consideration, the average density distribution at a time 1'+1 as seen from a point where a particle passed at time t'. This definition has to be slightly modified for a quantum system, in view of the noncommutativity of the operators representing particle positions at diferent times. In all cases G(r, l) describes the correlation between the presence of a particle in position r'+ r at time t'+t and the presence of a particle in position r' at time t', averaged over r'. It essentially reduces to g(r) for 1=0 is essentially, as a function of x, the Fourier transform over r of the g(r) function, it is natural to expect S(sp, pp) to be essentially the Fourier transform over r and t of the pair distribution in space and time G(r, t). We therefore define the latter through the equivalent equations: or
The coeflicient (2pr) 'N in (6) is introduced for convenience. It makes G(r, f) independent of N and asymptotically equal to the number density for the large systems of statistical mechanics, in which the limit N -}pe is to be taken. From Eqs. (4) and (7) one gets, successively, G( -r, t) = (G(r,t) }*, -
B. General Properties
We will now discuss a few immediate properties of the pair distribution in space and time. G(r, t), which is in general complex, has the Hermitian symmetry, easily derived as follows: from (10), (G(rr) ) *= , r0 ' p ( dr'8(r' -r;(r))ll(r+ r, (0) -r')) I dr"ll(r -r; (1)+ r")d (r, (0) -r")) i, ; J = X -' P dr"t')(r r;(-0)+ r") l, j 6
Xd(r, ( -1) -r")) = G( -r, t). -In the second step the integration variable is r"= r' -r; the third step uses the invariance of the expectation value under the unitary transformation exp(itji)'/h), whereas the last is based on the even character of the () function. Property equation (12) is equivalent with the fact that S(i0,(d) is a real-valued function.
Complex values of G(r, t) reflect quantum properties of the system. Indeed, under classical conditions, the operators in (10) reduce to commuting c numbers and G takes the real, positive value:
As announced in the introduction, it is seen to describe the average density distribution at time t'+t as seen from a point which was occupied by a particle at time t'; this distribution is independent of t', here given the value 0.
XVhen quantum effects are present, -they are for any actual system in certain ranges of r and t values -, 6 is complex and the simple physical interpretation given above cannot hold in view of the noncommutativity of particle positions at diferent times. How this noncommutativity enters into the expression of G can best be seen by introducing suitable density operators. Let us consider in space a volume element AV centered at point r and define the Heisenberg operator t()P(r, t) satisfying t( P(r, t)P=P for all states P of the system for which, with probability one, at least one particle is in hV at time t, and AP(r, t)()t =0 for all states such that, with probability one, no particle is in d V at time t. One has, in the limit of infinitesimal AV, t( P(r, t)/t( V= P l)(r -r;(t)), and thus, taking identical volume elements around each point, G(r, t) =X 'AV ' dr"(AP(r", 0) AP(r"+r, t)). (13) l simple formula: G(r, t) = p 't(-, V '(-aP(r" 0) AP(r"+r, t)), (14) where r" is an arbitrary point in V. From Eq. (13) or (14) follows immediately that the real part of G is related to the average value of the symmetrized product, -, '{tI(P(r", 0) AP(r"+r, t)+AP(r"+r, t).AP(r", 0)), and is therefore the natural extension to quantum systems of the classical, real-valued, pair distribution function in space and time, whereas the imaginary part reduces essentially to the average value of the commutator of tI(P(r",0) and AP(r"+r, t).
I)'1 In the case of systems for which the symmetric or antisymmetric character of the wave function is of little importance, and which can thus be regarded as composed of distinguishable particles (Boltzmann statistics), the G function splits naturally into a part G, describing the correlation between positions of one and the same particle at diferent times, and a part Gg referring to pairs of distinct particles (the subscripts stand for "self" and "distinct, " respectively). They are defined as follows:
Xd(r' -r;(1))) (16) They verify separately the symmetry condition (12) and equations of type Eq. (13) For the systems of large numbers of particles studied in statistical mechanics, solids, liquids, or gases, the pair distribution G(r, t), in the definition LEqs. (9) and (10)j of which the statistical weights pep must be given the Boltmann value p~0 --Z ' exp( pE p), Z-=p exp( pE 0) - (18) np (P '= temperature T multiplied by Boltzmann constant ki)), has especially simple asymptotic expressions for large r or~t ) . For such systems, the particles in regions widely separated in space are statistically independent, and so are the properties of the system at two widely distant times. For sufficiently large r or large It~, we can thus write asymptotically For a system homogeneous in space (like a gas or a liquid), enclosed in a volume V=X/p, we get the very (22) is the average density at point r', independent of the time t. Hence, from Eq. (10), we can write the asymptotic formula has also a simple significance for scattering. Insertion in (6) gives
It is the difference between G and its asymptotic
value (20) Before closing this section, we mention an extension of the G(r, t) function to systems of identical particles with spin, to be used later in connection with spindependent scattering. If a; is an operator depending on the spin of the jth particle, the same for each particle, a spin-dependent pair correlation is de6ned by I'(r, t) = S -' P dr' a)(0)B(r+ r)(0) r')- where ns is the neutron mass and a the scattering length of the nuclei assumed all identical, the Born approximation formula can be applied. " Equations (2) Equations (28), (29) (42) where the function + of two dimensionless arguments is defined by O(v, w) 
It is easily expressed in terms of the error integral:
The behavior of G~for large r and for large and small (44) +(v w)~4' -'"v 'w exp( -w') for v))1 v))w (45) x is the coeKcient of heat conduction, c"and c, are the specific heats per particle, at constant pressure and volume, respectively, and y8 is the adiabatic compressibility xs= p '(cip/~P)s exp( amok't) e-xp(ok r)dk. of (39). One has thus, remembering that Gd is even in t, Gq(r, t) p+(47rro') '(7rAoI tI) Hence, for r»rp, the asymptotic form (44) of 4 can be used, and Gq(r, t) G~(r, O) for r))rp. To present this conclusion differently, we can say that as I t I increases, the time dependence of the long-range part of Gd sets in only for times" " The following estimate is made by using values of x, c,and xa calculated for rarefied gases, with the help of kinetic theory for x.
Equation (44) Mp, (R,t) =M"p(R,t) = (stsP(0)N&t&(t))r.
Inserting into (49), we get (52) G, (r,t) 
Mp, (R,t) = (At&s/(16wsM) ) with the 3X3 matrix gp, (R,t) defined as the inverse of 2{Mp (0,0) Mp (R-,t)), and with X(R,t) = det(Spy(R, t)).
Equation (53) 
